CURVE COUNTING VIA STABLE PAIRS IN THE 
DERIVED CATEGORY 

R. PANDHARIPANDE AND R. P. THOMAS 

Abstract. For a nonsingular projective 3-fold X, we define in- 
teger invariants virtually enumerating pairs (C, D) where C d X 
is an embedded curve and D C C is a divisor. A virtual class is 
constructed on the associated moduli space by viewing a pair as an 
object in the derived category of X. The resulting invariants are 
conjecturally equivalent, after universal transformations, to both 
the Gromov-Witten and DT theories oi X. For Calabi-Yau 3-folds, 
the latter equivalence should be viewed as a wall-crossing formula 
in the derived category. 

Several calculations of the new invariants are carried out. In the 
Fano case, the local contributions of nonsingular embedded curves 
are found. In the local toric Calabi-Yau case, a completely new 
form of the topological vertex is described. 

The virtual enumeration of pairs is closely related to the geom- 
etry underlying the BPS state counts of Gopakumar and Vafa. We 
prove that our integrality predictions for Gromov-Witten invari- 
ants agree with the BPS integrality. Conversely, the BPS geometry 
imposes strong conditions on the enumeration of pairs. 
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0. Introduction 

There are several ways to compactify the space of embedded curves in 
a nonsingular projective variety X. The moduli of stable maps M{X) 
provides one such compactification.^ The Gromov-Witten invariants of 
X are defined via integration against the virtual class of M{X). Be- 
cause of nontrivial automorphisms, M{X) is a Deligne-Mumford stack, 
and the Gromov-Witten invariants are rational numbers. Underlying 
these rational numbers should be integers which, in a regularized sense, 
count embedded curves. 

Curve counting problems take special form for 3-folds since the ex- 
pected dimension of M[X) is independent of the genus of the map 
domain. For Calabi-Yau 3-folds, the expected dimension of M{X) is 
always 0. The study of the underlying integer invariants in the Calabi- 
Yau case appears already in the quintic 3-fold calculations of Candelas, 
de la Ossa, Green, and Parks [11] via the Aspinwall-Morrison formula 
[3] in genus 0. 

A second compactification of the space of embedded curves is pro- 
vided by the Hilbert scheme I{X). For 3-folds, I{X) carries a virtual 
class [49] and yields invariants via integration. The resulting theory is 
integer valued. However, since 1-dimensional subschemes of X contain 
0-dimensional subschemes which roam over all of X, the invariants do 



The locus of embedded curves need not be dense in any of the conipactifications 
we consider here. 
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not directly count curves. In [42, 43], a formal reduced theory is de- 
fined by dividing by the generating series of 0-dimensional invariants. 
For many reasons, a direct geometrical approach to the reduced theory 
would be preferable. 

A more recent compactification of the space of embedded curves is 
provided by the work of Honsen [20] . Honsen defines a proper algebraic 
space H{X) parameterizing Cohen-Macaulay curves^ with finite maps 
to X which are generically embeddings. There are no automorphisms 
of the map and no roaming 0-dimensional subschemes. However, a 
finite number of points of the curve may be identified in the image in 
X. Unfortunately, even for 3-folds, Honsen's space does not appear to 
carry a natural virtual class. 

Honsen's space provides a connection to a fourth compactification. 
The push-forward f*Oc of the structure sheaf associated to an element 

[f:C^X]e H{X) 

is a sheaf on X. What distinguishes /*Oc from arbitrary sheaves is 
the canonical section s G H^{X, f^Oc) obtained from 1 G H^{C, Oc)- 
The section s may have cokernel at a finite number of points where the 
curve is not embedded. 

We are led to consider the moduli space P{X) of stable pairs {F, s) 
where F is a sheaf of fixed Hilbert polynomial supported in dimension 
1 and s G H^{X, F) is a section. The two stability conditions are: 

(i) the sheaf F is pure, 

(ii) the section Ox — * F has 0-dimensional cokernel. 

By definition, purity (i) means every nonzero subsheaf of F has support 
of dimension 1 [22]. In particular, purity implies the (scheme theoretic) 
support Cp of F is a. Cohen-Macaulay curve. A projective moduli space 
of stable pairs can be constructed by a standard GIT analysis of Quot 
scheme quotients [31]. The relationship between our stability (i)-(ii) 
and GIT stabihty is discussed in Section 1. 

The nicest stable pairs are obtained from the data of an embedded 
Cohen-Macaulay curve 

f.C^X 

together with a Cartier divisor D C C. The associated stable pair is 
(0.1) iLMD),sn) 

where G H^{X, l^Oc{D)) is the canonical (up to isomorphism) sec- 
tion determined by D. We will often use the abbreviated notation 



A Cohen-Macaulay curve is of pure dimension 1 and possibly nonreduced, but 
with no embedded points. 
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{Oc{D), sd) to denote the pair (0.1). A characterization of all stable 
pairs is provided by Proposition 1.8. 

In case D is empty, we obtain the pair {Oc, 1) associated to a Cohen- 
Macaulay subcurve C alone. Here, the pair data is equivalent to the 
kernel of the section 

Ox ^ Oc, 

which is the ideal sheaf J^c of C. In fact in D^{X), the bounded derived 
category of coherent sheaves on X, the complex {Ox Oc} formed 
from the pair is quasi-isomorphic to J^c- More general stable pairs give 
rise to more complicated 2-term complexes 

r = {Ox^F} e D\x) 

which may be viewed as Cohen-Macaulay curves Cp obtained from 
the kernel of s decorated with a finite number of points obtained from 
the cokernel. The points replace the 0-dimensional subschemes which 
appear in [42, 43, 49]. However, they are now constrained to lie on the 
curve C rather than being free to wander over all of X. 

For a 3-fold X, the natural obstruction theory of stable pairs {F, s) 
fails to be 2-term and does not admit a virtual class. However, in 
Section 2, we show that the fixed-determinant obstruction theory of the 
complex /* in the derived category provides an alternative obstruction 
theory for P{X). The moduli space P{X) may be naturally viewed as 
a well-behaved component of the generally ill-behaved moduli space of 
complexes in D^{X) [40]. Indeed, P{X) provides a rare example where 
a component of the moduli of complexes is explicitly constructed as a 
projective variety.^ Arguments parallel to [49] then show the alternative 
obstruction theory of P{X) does admits a virtual class of the correct 
dimension. 

Integration against the virtual class of P{X) provides a theory of 3- 
folds which is deformation invariant and integer valued. We conjecture 
our pair theory for a 3-fold X to be equivalent to the Gromov-Witten 
theory and equal to the reduced DT theory. Integrality constraints 
on the Gromov-Witten theory of 3-folds have been predicted by the 
conjectural BPS invariants [18, 19, 44]. The integrality predicted by 
the pair theory and the BPS invariants are entirely equivalent. 

No direct cohomological definition of BPS invariants satisfying all 
expected properties has yet been proposed.^ Amongst other technical 

■^Earlier examples of well-behaved components of the moduli space of complexes 
in the derived category can be found in [9, 24]. 

^For example, the remarkable cohomological and motivic proposals of [21, 50] 
are unlikely to be deformation invariant and almost certainly do not satisfy the 
Gopakumar-Vafa relationship with Gromov-Witten theory. 
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issues, problems with semistability of sheaves on reducible curves are 
difficult to overcome. Our moduli problem stabilizes such sheaves by 
picking a section. The stable pairs invariants are closely related to the 
heuristic interpretation of BPS counts given in [28]. Indeed, we provide 
a rigorous definition of BPS counts via virtual Euler characteristics 
modulo a conjectured vanishing in Section 3. 

In Section 4, we calculate the contribution of a nonsingular embed- 
ded curve to the pair theory in complete agreement with the Gromov- 
Witten calculations of [44]. In Section 5, we present the topological 
vertex for our invariants. The 3-legged topological vertex takes a com- 
pletely new form from the pairs point of view. The agreement with 
Gromov-Witten theory is still conjectural. 
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1.1. Stability. Let A be a nonsingular projective 3-fold over C with 
a fixed polarization L. As usual, for sheaves F on X, 



Let g G Q[fc] with positive leading coefficient be a stability parameter. 
For n G Z and nonzero (5 G H2{X,7j), let P^{X,(3) denote the moduli 
space of semistable pairs 



Jf3 

and s is a nonzero section. The moduli space P^{X,i3) can be con- 
structed by GIT [32]. 



1. Definitions 



F{k) = F®L''. 
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The stability condition for the GIT problem of pairs is defined as 
follows. For a sheaf G with support of dimension at most 1, we let 
r{G) denote the coefficient of k in 

x{G{k))=r{G)k + c. 

A proper subsheaf G C -F is nonzero and not equal to F . The pair 
(F, s) is g-stable if, for every proper subsheaf G C F, 

(1.1) " < i(£m±M. ,»o 

r(G) r(i') 
holds, and for every proper subsheaf G through which s factors, 

.^ X(g(fc))+9(fc) ^ xiFik)) + q{k) 

^^•^^ ViG) ^ V{F) ' 

holds. By the purity of F, every nonzero subsheaf G has 1-dimensional 
support. Hence, r{G) > and the above inequalities are well-defined. 
The g-semistability conditions are obtained from (1.1)-(1.2) after re- 
placing < with <. 

1.2. Degree 0. Le Potier's treatment of the moduli of pairs 

Ox^F 

is undertaken for arbitrary Hilbert polynomial^ of F. If the class P is 
taken to be 0, x{F{k)) is a constant n. Setting the top order coefficient 
r{F) to be n, we obtain (semi)-stability conditions identical to (1.1)- 

(1.2) on proper subsheaves G G F. 

The g-stable pairs with (3 = are precisely those obtained from the 
structure sheaf of a length n subscheme S (Z X with canonical section. 

Ox ^ Os. 

Indeed, condition (i) is always satisfied and condition (ii) is excluded 
since the section 1 generates Os- The converse is left to the reader. 
Hence, P^(X, 0) is simply the Hilbert scheme Hilb(X, n) of n points. 

1.3. Limits. Let /3 7^ 0. We are interested in the moduli space of pairs 
P^{X,f3) in the large q limit. In fact, the limit is already achieved if 
the degree of q is at least 2. Alternatively, the limit can be viewed as 
the limit of degree one polynomials q as the coefficients tend to infinity: 

Pn{X,(3)= hm P„'(X,/3). 

5— >oo.fe+oo 

Lemma 1.3. In the limit, stability and semistahility coincide. A pair 
{F, s) is limit stable if and only if 



^Le Potier also treats arbitrary numbers of seetion, not just 1. 
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(i) the sheaf F is pure, 

(ii) the section Ox F has 0- dimensional cokernel. 

Proof. For q sufficiently large inequality (1.1) is always strictly satisfied. 
After rearranging inequality (1.2) for semist ability, we obtain 

(1.4) {r{F)-r{G)){x{F{k))+q{k))<r{F) x{{F/G){k)), 
which, for q large, shows both that 

(1.5) r(F)-r(G)=0 

and that equality can never occur. Setting G = Im(s) in (1.5) implies 
that s has 0-dimensional cokernel. □ 

We define a stable pair {F,s) to be limit stable. Then, Pn{X,i3) is 
the moduli space of stable pairs. Let 

Gf = Support (F) C X 

be the scheme theoretic support of F. By condition (ii) of Lemma 1.3, 
F is isomorphic to the structure sheaf of Gp away from finitely many 
points, and so has rank 1 on Ci;'. As a subsheaf of a pure sheaf, Im(s) 
is also pure. 

Lemma 1.6. For a stable pair {F, s), the support o/Im(s) is Gp- 

Proof. The issue is local on X, so we may consider the geometry on an 
affine open on which F is a module. The supports of F and Im(s) are 
defined by the annihilators of F and s respectively. The annihilator 
of F certainly annihilates s. Conversely, let a e Ann(s) be a function. 
If a ^Ann(F), let / G -F be a section for which af E F does not 
vanish. Then, the submodule of F generated by af has dimension 
support (away from the nonempty open set on which s generates F 
guaranteed by condition (ii) of pair stability). Hence, the purity of F 
is violated. □ 

Consider the kernel/ cokernel exact sequence associated to a stable 
pair (F, s) , 

(1.7) O^yc^-^Ox^F^Q^O. 

The kernel is the ideal sheaf of the Cohen-Macaulay support curve Gp 
by Lemma 1.6. The cokernel Q has dimension support by stability. 
The reduced support scheme, Support'"'^'^(Q), is called the zero locus of 
the pair. The zero locus lies on Gp. 

Let G G X he a fixed Cohen-Macaulay curve. We now characterize 
stable pairs with support G and bounded zero locus. Let 

mcOc 
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be the ideal in Oc of a 0-dimensional subscheme. Since 

Jifom{xrC/xxf+\Oc) = 

by the purity of Oc, we obtain an inclusion 

^om(m^ Oc) C jrom{m'^+\ Oc). 

The inclusion m'' Oc induces a canonical section 

Oc ^ Ji^om{ra'',Oc). 

Proposition 1.8. A stable pair {F,s) with support C satisfying 

Support""'^ (Q) C Support(Cc/m) 

is equivalent to a subsheaf of Jifom{xn'' , Oc)/Oc, r ^ 0. 

Alternatively, we may work with coherent subsheaves of the quasi- 
coherent sheaf \im.Jfom{m^ , Oc)/Oc- 

Proof. A stable pair Ox — > F with support C induces a map 

Oc^F 

on C with 0-dimensional cokernel Q. Since Oc is pure, we obtain 

jrom(Q, Oc) = 0. 
Therefore, applying J^om{ ■ , Oc) to 

(1.9) O^Oc^F^Q^O 
yields the inclusion 

(1.10) ^ jeom{F, Oc) Oc. 

Hence, Jifom{F, Oc) is the pushfoward to X of an ideal sheaf on 
C. Since (1.10) is a generic isomorphism, Z is 0-dimensional and 

Z''"^ C Support"'^'^(g). 

Dualizing again gives 

(1.11) O^Oc^ jeom{yz, Oc). 
The obvious double dual map 

F ^ jeom{jeom{F, Oc), Oc) = ^om[Jz, Oc) 

is generically an isomorphism, so is an injection by the purity of F . 
The map (1.11) factors through the original section Oc — ^ F . Thus, 
we have the data 

Oc-^F (Z.Wom{Jz,Oc), 
with the composition being the canonical section of M'om^J^z, Oc). 
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For r ^ 0, there is an inclusion m'' C J^z with 0-dimensional coker- 
neL Therefore by purity we get inclusions 

M'om{Jz. Oc) C J^om{xn', Oc) C ^om(m'^+\ Oc). 
We obtain the subsheaf 

(1.12) F C lim^om(m^Oc), 

containing the canonical section of Jifom(vcf ,Oc)- Dividing by the 
canonical section gives a coherent subsheaf 

Q C lim^om(m", Oc)/Oc. 

Conversely, given such a Q in J^om{xn^,Oc)/Oc, the sheaf F is 
recovered as its inverse image (1.12) in J^om{xxf ,Oc)- Moreover, F 
has a section s fitting into an exact sequence (1.9). As a subsheaf of 
J^om(m^, Oc*), which is pure since C is Cohen-Macaulay, F is also 
pure. The pair {F, s) supported on C is stable by Lemma 1.3. □ 

1.4. Derived category. Let D^[X) be the bounded derived category 
of coherent sheaves on X. Let /* e D''[X) be determined by the 
complex 

{Ox ^ F} 

associated to the stable pair (F, s) with Ox in degree 0. In what follows, 
all Hom and Ext groups are considered in D^(X). 

We have the following exact triangles in D''{X) associated to J*: 

(1.13) F[-l] ^ r ^ Ox ^ F ^ 

(1.14) ^c^I'^ Q[-l] ^ ^c[l] ^ • • • , 
the second coming from (1.7). 

Lemma 1.15. Sxt^~^{I' ,1') =0 and J^om{I' , I') = Ox- 

Proof. Applying Jifom{I', ■ ) to (1.13) gives the exact sequence 

(1.16) ^xr\r, F) J^om{r, /•) ^ jrom{r, Ox). 
But by applying J^om{ ■ ,F) to (1.14) we find 

(ffxt-\r,F) = jrom{Q,F), 

which vanishes by the purity of F since Q has dimension 0. 
Applying J^om{ -, Ox) to (1.13) yields 

(1.17) jeom{F, Ox) JTomiOx, Ox) ^ J^om{r, Ox) 

^xt\F,Ox). 
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The first and last terms vanish since F has support of codimension 2. 
The second is Ox, spanned by the identity map, which maps in the 
third term to the canonical map /* Ox of (1.13). Therefore, 

(1.18) jeom{r,Ox) = Ox 

is generated by the canonical map, which is in the image of the identity 
map in Jifom{I' , I') in the exact sequence (1.16). Thus, 

jrom{r,r) = Ox 

consists of just multiples of the identity. 

The same sequences in lower degrees prove the vanishing of the 
sheaves (I'xt--^ (/*,/•). □ 

After tensoring the result of Lemma 1.15 by Kx, we obtain 

(1.19) (^xt^-\r, r (g) Kx) = and Jifom{r, I' ® Kx) = Kx- 
Lemma 1.20. (^xt^~\I',Ox) = and Jifom{I' , Ox) = Ox- 
Proof. The second claim is (1.18). The vanishing of (S'xt-~^{I' , Ox) is 
obtained from (1.17) in lower degrees. □ 

By the local-to- global spectral sequence and Lemma 1.20, we obtain 

Hom(/*,Ox) = C. 

The exact triangle (1.13) is obtained canonically from the unique (up to 
scalars) nonzero element Hom(/*, Ox) with F quasi-isomorphic to the 
mapping cone M. The pair {F, s) can be recovered from the complex 
/• G D'^[X) from the 0*'^ cohomology of induced map 

Ox M. 

Hence, by considering /* G D''{X), no information about the original 
pair is lost. We have proven the following result. 

Proposition 1.21. The stable pairs {F,s) and {F',s') are isomorphic 

s s' 

if and only if the complexes {Ox — > F} and {Ox — > F'} are quasi- 
isomorphic. 

1.5. Past work and future directions. A special case of the moduli 
space of pairs Pn{X,f3) arises naturally in Diaconescu's forthcoming 
work on local curves [13]. He compactifies a rank 2 vector bundle over 
a curve C to a P^-bundle and then uses a relative Beilinson transform 
on the fibers to map ideal sheaves of curves (flat over C) to certain 
quiver sheaves. An appropriate stability condition for quiver sheaves 
then translates into ours for stable pairs on the p2-bundle. 

The branch maps of Thaddeus and Alexeev-Knutsen [1] are reduced 
curves with finite maps to X. The moduli space of branch maps B{X) 
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is a proper algebraic space, providing yet another compactification of 
the space of embedded curves in X. As in the case of Honsen's space, 
even in dimension 3, the moduh space B{X) seems to lack a natural 
virtual class. 

Following the connection of Honsen's space to Pn{X,f3), we may 
push-forward the structure sheaf of a branch map 

[f:C^X]eBiX). 

The result f^Oc together with the canonical section s e H^{X, f^Oc) 
suggests considering pairs on X consisting of sheaves of possibly higher 
rank supported on curves with sections whose cokernel may be sup- 
ported in dimension 1. While the construction of such moduli spaces is 
easily obtained by varying the stability condition on the space of pairs 
[32], we have been unable to prove the existence of an appropriate vir- 
tual class. In particular, the approach to the virtual class of Pn(X, /3) 
via derived category deformations discussed in Section 2 does not im- 
mediately succeed for higher rank pairs. Perhaps some variant can be 
pursued. 

Finally, we point out the Gromov-Witten theory of Calabi-Yau 4 and 
5- folds is also known conjecturally to be governed by integers [29, 47]. 
Finding equivalent integer valued sheaf theories in higher dimensions 
is an interesting problem. 

2. Deformation theory and the virtual class 

2.1. Pairs and complexes. Let X be a 3-fold. As before, to each 
stable pair 

[Ox^F]ePn{X,(3) 

we associate a complex 

/• = {Ox ^F]e D\X). 

The first order deformation theory of the moduli space Pn{X,j3) of 
stable pairs is governed by the tangent space Ext°(/*,F) and the ob- 
struction space Ext^(/*,F). The deformation theory of the complex 
J* with fixed determinant Ox in D^{X) is governed by Ext"^(J*, /*)o 
and Ext^(/*, /*)o. The subscript is the latter two groups denotes 
trace- free Ext. 

Since a deformation of the pair [F, s) induces a deformation of the 
complex /* with trivial determinant, there is a map from the first pair 
of groups to the second, 

Ext^(/*,F) ^ Ext^+^(/*,/*)o, 
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obtained by applying Hom(J*, ■ ) to the canonical map 1] I' of 
(1.13) and showing the image is in the trace-free part of Ext*(/*, /*). 

2.2. Tangent spaces. We first show that to all orders the deforma- 
tions of pairs {F, s) equal the deformations of complexes /* of fixed 
determinant. Hence, P„(X, /5) is a locally complete moduli space of 
complexes I' of fixed determinant and the map 

Ext°(J*,F) ^ Ext^(/*,/*)o 

is an isomorphism. 

A family of stable pairs over a base scheme 5 is a pair 

OxxB F, 

on X X B, for which 

(i) F is flat over B, 

(ii) for all closed points h E B, the restriction (Ff,, s^) to the fiber 
X X {h} is a stable pair. 

Let Q be the cokernel of s. The sheaf Q is supported in relative di- 
mension over B. 

A family of complexes over a base i? is a perfect complex /* on X x B. 
By definition, a perfect complex has a finite resolution by locally free 
sheaves. No additional flatness condition over B is required. 

For the deformation question, we study how families extend over 
nilpotent thickenings of the base. Let 

B^Bo 

be a thickening of base schemes where Bq is defined by a nilpotent ideal 
J (satisfying = for some > 0). A family of stable pairs (F, s) 
over B is a deformation of a family {Fq, sq) over Bq if the restriction of 
{F,s) over Bq is isomorphic to {Fo,sq). A family of complexes /* over 
B is a deformation of a family /q over Bq if the derived restriction of 
/* to X X Bq is quasi-isomorphic to Iq. 

Let {Fq, Sq) be a family of stable pairs over Bq. Let 

Jo = {Ox - Fq} 

be the associated family of complexes over Bq. The flatness of Fq 
implies that Iq is perfect. 

Lemma 2.1. Every deformation I' over B of Iq is quasi-isomorphic 
to a 2-term complex of sheaves {A — ^ E^} satisfying 

(i) E^ is locally free, 

(ii) A is a pure sheaf of local projective dimension at most 1, 

(iii) h^{I') has support of relative dimension over B , 
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(iv) h^{I'), away from the support ofh^{I'), is flat over B. 

Proof. Since Fq is pure of relative dimension 1 on 

ttq: X X 5o ^ So, 

Fq has depth 1 on the fibers of ttq. By the Auslander-Buchsbaum 
formula, Fq has local projective dimension at most 2 on the fibers of 
ttq. Let 

Fo 

be a locally free resolution of Fq. Consider the cut-off 

^ Ker ^ ^ Fq ^ 0. 

By flatness of Fq and the projective dimension computation, the re- 
striction of Ker to each flber TTQ^ipo) is locally free. Since Ker is also 
flat over Sq, we conclude Ker is locally free. Hence, Fq has a locally free 
resolution of length ?> on X x Bq. Since OxxBo is already locally free, 
Jq is quasi-isomorphic to a complex of locally free sheaves of length 3 
on X. 

Let E' be a flnite complex of locally free sheaves on X x i? quasi- 
isomorphic to /*. We will use standard base change, semi continuity, 
and Nakayama Lemma arguments to trim the complex E' down to 
length 3. 

Let E'"" be the last nonzero term oi E' . If n > 1, then 

is surjective. So F""^ — > F" is surjective in a neighbourhood of X x 
and thus on all of X x i?. The kernel of E"^'^ —>■ E"^ is then locally 
free, and E' can be trimmed. We can thus assume that E^ is the last 
term. 

Similarly, let F™ be the flrst nonzero term. If m < — 1, then 

-C/ \XxBo ^ \XxBo 

is injective on fibers by base change and the 3 term result for Jq. So 

is injective on flbers with locally free cokernel, and E' may be again 
trimmed. We therefore assume that E~^ is the flrst term. 

We conclude that /* is quasi-isomorphic to a length 3 complex of 
locally free sheaves 

E-^ ^E'^^E^ 

on X X B. The flrst map 

E ^\xxBo ^ E'^IxxBo 
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is injective as a map of sheaves since /i~^(Jq) = 0. Hence, is 
injective in a neighbourhood of X x i?o and thus on all oi X x B. So 
/* is quasi-isomorphic to 

A^E^ 

for some sheaf A = E^ / E~^ of projective dimension 1. Moreover, 
E~^ — > E^ is actually injective on fibers away from the relative curve 

Co/fio C (X X B)IB 

on which Fq is supported. Hence, A is locally free away from Cq. 

Let B d Ahe a. subsheaf with support of codimension at least 1. To 
establish the purity of A, we must show that i? is 0. Since A is locally 
free away from Co, B must be supported on Co and so has codimension 
at least 2. Let vr denote the projection 

tt: XxB ^ B 

and let Kx be the relative dualizing sheaf. Then, 

Hom(5,y4) = i7°(7r,^om(5, A)), 

and we need only prove n^:Jifom{B, A) = 0. 

By relative Serre duality, 7r^J^om{B , A) is the dual of the third co- 
homology sheaf of R7r^RJifom{A ^ , B) since all higher cohomology 
vanishes. The latter can be calculated by the local-to-global spectral 
sequence with E"^ term 

(2.2) R'7r^^xf{A®K*x,B), i + J = 3. 

As A has projective dimension 1, we have vanishing for j > 2. Since 
B is supported in relative dimension 1, we have vanishing for i > 2. 
Therefore, the sheaves (2.2) vanish for i + j > 3, and A is indeed pure. 

The complement of the closed subscheme Zq = Support (Qo) deter- 
mines open sets 

f/o = (X X Bo)\Zo, U={Xx B)\Zo. 

Though Uq and U have the same closed points, f/o is a closed subscheme 
of U. Certainly, 

is surjective. By Nakayama's Lemma, 
(2.3) 

is also surjective. Thus, h^{I') has relative dimension support, which 
is property (iii). 

Let K\u be the locally free kernel of (2.3). The sheaf h'^{I')\u is 
quasi-isomorphic to 

E-\^K\u 



CURVE COUNTING VIA STABLE PAIRS IN THE DERIVED CATEGORY 15 

by the estabhshed injectivity. The complex 
(2.4) E-%,^K\u, 

is the derived restriction of h^{I')\ii to Uq. By repeating the argument 
for Bq instead of we find (2.4) is quasi-isomorphic to its cokernel 

h\r,)\u,, = h\n\u,. 

Since /i°(/q)|(/(j is the kernel of the surjection 

and Fq is flat over i?o, we see that /i°(/q)|)7(j is flat over Bq. By Lemma 
2.5 below, h^{I')\u is flat over 5, which is (iv). □ 

Lemma 2.5. Let i : Bq --^ B be a nilpotent thickening, and let F be a 
coherent sheaf on an open set 

U CX X B. 

Let Fq = L*F be the restriction to Uq = i*{U). Then, F is flat over B 
if and only if 

(i) Ll*F = Fo and 

(ii) Fo is flat over Bq . 

Proof. Flatness clearly implies (i) and (ii). For the converse we must 
show that 

(2.6) F k) M = F ® M 

for any O^-niodule M. For M = i*Mo, where Mq is an O^Q-module, 
(2.6) is clear: 

F I) i,Mo = l,{Ll*F d Mo) = i,{Fo d Mq) = l,{Fo^Mo) = F®l,Mq. 

Here, the second isomorphism comes from (i) and the third from (ii). 

Since i? is a nilpotent thickening of i?o, M can be written as a finite 
series of extensions of such -modules, which gives (2.6). □ 

Theorem 2.7. Every deformation I' over B of Iq with trivial deter- 
minant is quasi-isomorphic to a complex 

where Fb is a flat deformation of Fq with section s. 
Proof. The rank of /* is 1. Since 

Q = h\r) 
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has rank on X x B, the rank of /i°(J*) must be 1. As a subsheaf of 
A, h^{I') is also pure so injects into its double dual, 

^ h\r) h\ry''. 

By (iii) and (iv) of Lemma 2.1, h^{I') is flat over B away from a set 
of codimension 3. Therefore by [30, Lemma 6.13] the double dual is 
locally free away from the codimension 3 set. Moreover, in the proof 
of [30, Lemma 6.13], KoUar shows that a reflexive rank 1 sheaf which 
is locally free away from a set of codimension 3 is in fact locally free 
globally. Finally has trivial determinant since J* does, so we 

find that 

and h^{I') is an ideal sheaf J^c C Oxxb- 

The exact triangle hP{I') ^ /* — /i^(/*)[— 1], written as 

- /• ^ Q[-i], 

describes /* as the cone on a map Q[— 2] J'c- The latter is an 
element a G Ext^(Q, J'c)- 

Consider the exact sequence obtained from the ideal sequence 

(2.8) ^ ^ Oxxb ^ ^ 

by applying Hom((5, ■ ): 

Exti(Q,OxxB) ^ Exti(Q,Oc) ^ Ext2(g, J^c) ^ Ext2(Q, O^^^). 

The first and last terms vanish since Q has codimension 3 support. 
Thus, 

Exti(g,Oc) = Ext2(g,^c), 

and OL is the cup product of an element e G Ext^((5,Oc) with the 
extension class in Ext^(Cc, J'c) of the ideal sequence (2.8). Thus it is 
represented by the splicing together of the exact sequences 

O^Cc^F^Q^O 

Jc^OxxB^Oc^^. 

where F is the extension defined by e. The result is the exact sequence 

^ ^ OxxB ^F^Q^O. 
Hence, /* is quasi-isomorphic to the complex 

{Oxxb ^ F}. 

Finally, we show F is fiat over B. By Lemma 2.5, flatness follows if 

Ll*F ^ Fo, 
where l: i?o ^ -B is the inclusion. 
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F can be described as the cone of the canonical map (1.13), 

I' OxxB, 

SO the derived restriction of F to X x i?o is the cone on the induced 
map 

Similarly Fq is the cone on such a map (1.13), so we need only check 
the two maps coincide. 

By sequence (1.17), J^o'm{I',OxxB) — Oxxb- In lower degrees, 
(1.17) yields the vanishing of S'xt{I' ,Oxxb)~~^- Therefore, 

}iom{r,OxxB) = r{OB) 

is generated over Ob the canonical map (1.13). Similarly, 

Hom(/*,OxxBo) =r(OBo) 

is generated by the canonical map. The restriction to X x Bq of the 
canonical map on X x S is times the canonical map on X x Bq for 
some e r{OBo)- However, away from the codimension 2 support C 
of F, both maps are just the standard isomorphism /* = O, so (p is 
invertible. □ 

2.3. Obstruction theory. In Section 1.4, the association of the com- 
plex 

/• = {Ox ^F} e D\X) 

to the pair (F, s) was seen to be injective on objects. By Theorem 
2.7, the fixed determinant deformation theory in D^{X) matches the 
deformation theory of pairs to all orders. Hence, P{X) is a component^ 
of the moduli space of complexes in D'^{X). We will use the obstruction 
theory Ext*(/*,/*)o to define a virtual fundamental class on P{X). 

Since stable pairs have no nontrivial automorphisms, the moduli 
space P{X) is fine. There is a universal stable pair'' 

(2.9) OxxP{x) ^ F 

on X X P{X). The moduli space is the GIT quotient of a subset of the 
product of a Quot scheme and a Grassmannian [31]. There is a univer- 
sal sheaf pulled back from the Quot scheme, with a universal section 
over the product. Over the stable locus there are no stabilizers, so by 

''We drop the subscripts n and /? 7^ for notational convenience. Formally, a 
component is used here to signify a union of connected components. 

^Pairs are better than stable sheaves which have scalar automorphisms. In gen- 
eral, there is only a universal twisted sheaf on the product of X and the moduli 
space of stable sheaves. 
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Kempf's lemma (see for instance [22, Theorem 4.2.15]) the universal 
pair descends to P{X). 

The universal pair (2.9) determines a universal complex in the de- 
rived category, 

r = {Ox.Pix) F} G D\X X P{X)), 

with F flat over P{X). Let vr denote the projection 

tt: X X P{X) P{X). 

We will prove that the complex i?7r^,i?J^om(I*, I*)o determines an ob- 
struction theory on P{X). 

We resolve I* by a flnite complex of locally free sheaves A*, and form 

The flrst summand is the image of the identity map and the second is 
the kernel of the trace map. These split each other since 

tr o id = rank(74*) = rank(F) = 1 = id o tr . 

We deflne the quasi-isomorphism class of the trace-free Homs by 

RM'omi^', F)o ^ ((A*)^ ® A*)o. 

The following result is a standard consequence of Lemma 1.15 and the 
Nakayama Lemma, but we give the argument in full. 

Lemma 2.10. The complex R'K^:RJ^om{I' , I') q on P{X) is quasi-iso- 
morphic to a 2-term complex of locally free sheaves {Ei — > -£'2}. 

Proof. Let B' be a sufficiently negative locally free resolution of the 
complex {{A'y ® ^*)o trimmed to start at least 4 places earlier than 
{{A'Y ® ^*)o- Then, by standard arguments, for all j, 

(i) R^^TT.B^ = 0, 

(ii) R?Ti^:B^ is locally free. 

The complex E' with 

E^ = R^Ti.B^^^ 

is finite, locally free, and quasi-isomorphic to RTi^RM'om{l' 

By base change, the restriction of E' over a point [/*] G P{X) 
is a complex of vector spaces computing Ext*(J*, /*)o. By Lemmas 
1.15 and 1.20, the local-to-global spectral sequence, and Serre duality, 
Ext*(/*, /*) is nonzero only for i between and 3. 

By (1.19) and the local-to-global spectral sequence, we have the iso- 
morphisms 

Kx ^ J^om{rj'®Kx), 
H\Kx) ^ YLom{rj'®Kx). 
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Then, by Serre duality, 

Ext\r,r) ^H^{Ox) 

is also an isomorphism and Ext^(/*,/*)o vanishes. Similarly, the com- 
position 

C ^ Hom(/-, /•) ^ 

is multiplication by rank(J*) = 1. Hence Hom(J*, J*)o also vanishes 
and the trace-free extensions Ext*(/*,/*)o are concentrated entirely in 
degrees i = 1 and 2. After base change to any point [/*] G P{X), the 
complex E' has cohomology only in degrees 1 and 2. 

If E^^"^ is the last nonzero term of E', then on each fiber 

(2.11) E'^-^^E'' 

is surjective. Hence, the map (2.11) is surjective globally with locally 
free kernel. Replacing E^~^ by the kernel and E^ by zero, we can 
inductively assume n = 2. Similarly if the first nonzero term is E"^^^, 
then i?™ — s> E"^'^^ is injective on fibers with locally free cokernel. We 
conclude E' is quasi-isomorphic to a 2-term complex {Ei — > i?2}- D 

The Atiyah class of the universal complex I* gives an element of 

(2.12) Exti(F,r®L3,,p(^)), 

where -Z^xxP(x) locally free resolution of) the cotangent complex 
of X X P{X). Since the cotangent complex of a product is the sum 
of the (puUbacks of the) cotangent complexes of the factors, the Ext 
group (2.12) maps to 

Ext\R.J^om{r,r)o,7i*L'p^x)), 
which by Serre duality along vr is isomorphic to 

Ext-^{R7i^{RJ^om{r,r)o®uj^),Lp^x))- 

The relative dualizing sheaf cUtt is the pull-back of the canonical bundle 
of X. We obtain a map 

(2.13) i?7r,(i?Jfbm(F,r)o ® tu^)[2] L'p^^xy 

We claim that (2.13) provides a perfect obstruction theory for P{X) 
in the sense of [6] via the results of [23, 40, 41]. More precisely, the 
obstruction classes of [40, 41] are expressed in [23] as a product of 
Atiyah and Kodaira-Spencer classes. As a result, compatibility with 
(2.13) is obtained.^ By Lemma 2.10 and Serre duality, the obstruction 



See Theorem 4.1 [23] for a careful discussion of the obstruction class and the 
results needed to prove that (2.13) is an obstruction theory for P{X). 
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theory (2.13) is perfect: representable by a 2-term complex of locally 
free sheaves 

in degrees —1 and respectively. Therefore, the results of [6, 38] yield 
a virtual class. 

Theorem 2.14. P„(X, /3) carries an algebraic virtual class 
where 

c^= [ ci(X) = -x(i?Hom(/-,/-)o) 

Jf3 

is the virtual dimension of Pn{X,(3) with the obstruction theory inher- 
ited from the moduli space of fixed determinant complexes I' G D^{X). 

The virtual class of P{X) is deformation invariant by [23]. Let 

X ^ B 

be a smooth family of projective 3-folds over a base B, with central 
fiber X, 

X = Xxb{0}. 

Let 

Vn{'^,f3)^B 

denote the relative moduli space of stable pairs on the fibers of X ^ B, 
and let 

to:Pn{X,^)-^Vn{X,(3) 

be the inclusion of the space of stable pairs on the central fiber X. By 
[23, Corollary 4.3], we have the following. 

Theorem 2.15. The virtual class is deformation invariant: there is a 
class 

for which 

2|,[K(^,/5)]«^ = [P„(X, /?)]«'•. 

2.4. Invariants. If X is a Calabi-Yau 3-fold, = for every curve 
class (3 G H2{X,Z). 

Definition 2.16. If c^ = 0, the stable pairs invariants P^^p G Z are 
defined to be the degree of the virtual cycle 

Pn,P = [ 1. 
>/[P„(X,/3)]-"- 
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We define similar invariants with primary field insertions in case 
> in Section 3.6. 

For future reference, we list the letters we use for the various curve 
counting invariants associated to the class (3 G i/^(X, Z). The defini- 
tions and references will be given later. 

• Ng^p : genus g connected Gromov-Witten invariant. 

• N' p : genus g disconnected Gromov-Witten invariant 

with no contracted contributions, 
genus g Gopakumar-Vafa BPS invariant. 
DT invariant with Euler characteristic n. 
stable pairs invariant with Euler characteristic n. 



3. Conjectures 



3.1. GW/DT for Calabi-Yau 3-folds. We recall the conjectural 
GW/DT correspondence from [42] for a Calabi-Yau 3-fold X . 

The disconnected Gromov-Witten invariants of X for nonzero curve 
classes P E H2 {X, Z) are 

J[Ml{X,l3)]^i'' 

where M'{X,(3) is the moduli space of stable maps with possibly dis- 
connected domains and no contracted connected components.^ Let 

9 

be the partition function. Alternatively, the partition function may be 
defined via the exponential of the connected potential, 

where 
and 

N,,p = [_ 1 

is the standard connected Gromov-Witten invariant. 

Let In{X,i3) be the Hilbert scheme of 1-dimensional subschemes 

Z CX 



We follow here the notation of [8]. 
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with holomorphic Euler characteristic n and fundamental class (3. To 
obtain a virtual class [49], the Hilbert scheme is viewed as a moduli 
space of ideal sheaves. The DT invariants are defined by 

In,p= [ 1- 
J[/„(X,/3)]-'- 

The partition function of DT theory is 

n 

By geometric vanishing, ZoT^piq) is a Laurent series in q. 

The irreducible components of the subscheme Z consists of curves 
and 0-dimensional subschemes which wander all over X. A reduced 
partition function is defined [42] by dividing out by the degree series. 

The degree series is evaluated by the formula 

^DT,o(g)=M(-g)^W, 
conjectured in [42] and proved in [7, 33, 37]. Here, 

is the MacMahon function. 

The reduced series Z'^j. f^{q) is conjectured in [42] to be the Laurent 
expansion of a rational function in q invariant under the transforma- 
tion q ^ q~^. The GW/DT correspondence of [42] is the conjectural 
equality 

after the variable change — g = e*". 

3.2. Stable pairs conjectures for Calabi-Yau 3-folds. Our new 

invariants Pn,/3 counting stable pairs on X do not have the drawback of 
freely roaming points, so a reduced partition function is not necessary. 
For nonzero (5 & H2 (X, Z) , let 

(3.1) Zp,^(g) = ^P„,^g" 

n 

be the partition function of the stable pairs theory. Since the mod- 
uli spaces Pn{X,(3) are empty for sufficiently negative Zpj3{q) is a 
Laurent series in q. 

^"As in the case of stable pairs, the straightforward obstruction theory of the 
Hilbert scheme is not appropriate and an alternative is required. 
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Conjecture 3.2. The partition function Zp^p{q) is the Laurent expan- 
sion of a rational function in q invariant under q ^ q^^ . 

In fact, the above rationality Conjecture will be significantly refined 
after our discussion of the BPS state counts of Gopakumar and Vafa. 

Conjecture 3.3. All the partition functions coincide, 

after the variable change —q = e*". 

It appears all reasonable enumerative theories of curves on Calabi- 
Yau 3- folds are actually equivalent. 

3.3. Wall crossing formula. The first equality of Conjecture (3.3), 

(3.4) Zp^i3{q) ■ ZoTfiiq) = ZdtAi) 
can be expanded to yield 

(3.5) 5^P„ 

m 

Relation (3.5) should be interpreted as a wall-crossing formula for 
counting invariants in the derived category of coherent sheaves D^[X) 
under a change of stability condition [10]. So far, however, counting 
invariants have yet to be defined for general complexes, and stability 
conditions have not been shown to exist for compact 3-folds. 

We assume there is a stability condition for which ideal sheaves 
of subschemes Z (Z X satisfying 

X(0z)=n, [Z]=P 

are stable and constitute the moduli space of semistable sheaves with 
Chern character 

(rk, c/ii, c/i2, c/is) = (1, 0, -(3, -n) 

and trivial determinant. The counting invariant here exists [49] and 
is In^p G Z. We also assume that structure sheaves of single points 
are stable. Since structure sheaves of subschemes of length m > 1 are 
only semistable, and have automorphisms, it is not clear what their 
counting invariant should be, but the virtual number of ideal sheaves 
of such subschemes is /m,o- 

Now move the central charge of [10] across a codimension 1 wall 
along which the phase of equals the phase of the structure sheaf of 
a point Op minus 1: 

0(^Z) = 0(Op) - 1 = 0(Op[-l]). 
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Any free or embedded points p in Z give rise to exact sequences of the 
form 

where Z' is Z with the point p removed. In D''{X), we obtain an exact 
triangle 

Op[-l] ^Jz^ ^z', 

destabihzing J'z as we cross the wall. 

More generally, let Q C Oz denote the maximal subsheaf with 0- 
dimensional support (roughly the structure sheaf of the union of all 
free and embedded points). Then 

(3.6) Q\-\\ ^Jz-' ^z' 

is the maximal destabilizing extension making up ,^z- Conversely, 
previously unstable objects become stable as we cross the wall. These 
are objects J* G D^[X^ which are extensions of the form (3.6) but in 
the opposite direction, 

(3.7) 

classified by elements of Ext^((5, ^z')- We recognize (3.7) as the form 
of (1.14). We expect that the moduli space of pairs P„,(X, /3) gives 
precisely the space of stable objects for the new stability condition. 
The virtual numbers P^^^ should then be the right counting invariants. 

Relation (3.5) has the form of a wall crossing formula envisaged 
by Joyce [26] for invariants counting stable objects in D^iX). The 
formula expresses all of the possible ways that a stable object on one 
side of the wall - an ideal sheaf J'z - can be written as extensions 
of objects in D''{X) which are stable on the other side of the wall. 
No worse configurations occur since the K-theory classes of Jz, Jz' 
and Oy are all primitive. So the m*'' term in (3.5) is the contribution 
from subschemes Z whose maximal 0-dimensional subscheme (or total 
number of free and embedded points) is of length m - the length of Q. 
We expect that in Joyce's theory the space of extensions between the 
semistable pieces J'z' and 1] contributes 

(3.8) -x(^z',g[-l])=m 

multiplied by the product of the invariants associated to J'z' and 
Q[— 1]. The former should be Pn~m,fi- Formula (3.5) requires the lat- 
ter to contribute Im,o/m. That is, the automorphisms of the structure 
sheaves of length-m points should affect the virtual count for ideal 
sheaves of points by the factor 1/m. 
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Until Joyce's theory can be fully extended to the derived category 
and made to include the virtual class, our entire discussion here remains 
conjectural. 

Similar phenomena have been observed recently in a noncommuta- 
tive example [48]. The paper [12] also studies counting invariants (and 
more generally BPS states) and wall crossing in D^{X) from a physi- 
cal point of view. In fact, Denef and Moore predict a wall crossing of 
precisely the form (3.4) as the Kahler form and, crucially, the B-field, 
cross a certain wall in the space of stability conditions (formulae (6.21)- 
(6.24) of [12]). Their predictions are based on a supergravity analysis 
rather than algebraic geometry. For a certain stability condition, the 
virtual number of stable objects in D''{X) is predicted without identi- 
fying the form of these objects. Other wall crossings studied in [12, 14] 
have not yet been considered mathematically. 

3.4. BPS refinement. Motivated by the M-theory prediction of Gopa- 
kumar and Vafa [18, 19] for Calabi-Yau 3-folds X, we conjecture a much 
stronger rationality statement for Zp^p[q). 

Let Fp{q,v) denote the connected series for the stable pairs invari- 
ants, 

Fp{q, v) = log Zp{q, v) = log (l + I] Zp^^"^ ■ 
The functions Fp/j are defined by 

Fp{q,v) = J2FpA(iy. 

While Fp^p{q) should be thought of as counting pairs whose support is 
connected, we do not have a geometric method to define the invariants. 
Though Fp^q) is still a Laurent series, the coefficients of Fp^q) need 
not be integral due to the logarithm. 

Let Vq C Q(q') be the linear space of Laurent polynomials invariant 
under q ^ q~^. Certainly, 

q q 

Lemma 3.9. Every Laurent series L{q) G Q{{q)) can be uniquely writ- 
ten as a sum 

(3.10) L(g)= J2 l^H-qY'^ la^Q 

3>-oo 

with only finitely many positive g terms. 
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Proof. Any g > I term 

{(-q) - 2 + i-q^y-' e Vo 

has a pole of order g — 1 at q = 0. Together the g > 1 terms in (3.10) 
specify the finite polar part of L{q). The g < 1 term 

*((-?))^-' = ( (T^TI^)' ' = (-^)'"' + - 9)i-qr' + ... 

is regular at g = with a zero of order 1 — g. The right side of (3.10) 
is thus uniquely determined. □ 

For nonzero (3 G H2{X,'Ij), let dw{j3) denote the divisibility of /5. 
For simplicity, we either assume H2 {X, Z) is torsion- free or allow j3 
take values in the torsion-free quotient 

H2{X,Z)/T{H2iX,Z)) 

so each stable pairs invariant is a sum of all classes differing from f3 by 
torsion. 

Lemma 3.11. The set of equations 

I 9>-oo r|div(/3) 

has a unique solution {ng,/3}g>_oo,/3^o- 

Proof. We proceed inductively on the divisibility of (3. If div(/3) = 1, 
then the statement is a direct consequence of Lemma 3.9 applied to 
Fp^p^q). For the inductive step, we apply Lemma 3.9 to 

g>~oo r\ div(/3), r>l 

to conclude the existence and uniqueness of the solution. □ 

From vanishing of Lemma 3.9 applied inductively, we obtain the 
following result. 

Lemma 3.12. For fixed (3, rig^p = for all sufficiently large g. 



^^In fact, no such assumption is necessary. The full torsion information can be 
kept. Then, the interior sum in Lemma 3.11 is over all elements of H2{X, Z) whose 
r^^ multiple is j3. 
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We define the Gopakumar-Vafa BPS state counts in genus g and class 
(3^0 for X to be the solutions n^^^ of Lemma 3.11. Our motivation 
for the definition is the agreement of the formula 



g>-oo 7^0 k>l 



after truncation by Conjecture 3.14 below and the variable change 

-q = e-^^ 

with the string theoretic Gopakumar-Vafa formula 



(3,13) Fa„(u,v)^j:j:„,,u"-'j:U?^^) V 

g>0 77^0 k>l ^ ' ^ 

for Gromov-Witten theory via BPS counts. 

Philosophically, we view the integrals Pn,f3 as giving a rigorous treat- 
ment of the heuristic approach^^ to BPS state counting proposed in [28] 
via virtual Euler characteristics of Hilbert schemes of points on curves 
in X. Certainly, P„(X, /5) may be thought of as a compactification of 
the Hilbert scheme of points on curves in X. And, Pn^js is precisely^^ a 
signed virtual Euler characteristic. 

We replace the rationality statement of Conjecture 3.2 with a much 
stronger and more geometric vanishing. 

Conjecture 3.14. The invariants Ug^p vanish for g < 0. 

Define the linear subspace Vd C Q{q) for d > hj the following 
spanning set: 

V^, = Span4$((-grri}^^„_ i<.<. • 
A basis of Vd/Vo is given by 

(-9) i-qr i-qr 

(l-(-g))2' (l-(-g)2)2' {l-{-qry 
Conjecture (3.14) implies the nontrivial inclusion 
(3.15) Fp^piq) G \/div(/3). 

As a consequence, we conclude that both Fp^p{q) and Zp^p{q) have 
possible poles only at r*^ roots of unity where r < div(/3). 
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,^7 



^^S. Katz [27] has proposed a mathematical definition of the g = BPS state 
counts via virtual Euler characteristics of moduli of semistable sheaves on curves 
in X. Katz's construction, in which neither pairs nor derived categories appear, is 
nevertheless not unrelated to our perspective. 

""^■^In the Calabi-Yau case, the obstruction theory on P„(X, /3) is self-dual [4, 15] 
and the virtual count Pn,0 is the virtual Euler characteristic, up to sign. 
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In fact, inclusion (3.15) is much stronger than the statement about 
poles. For example, 



1 + q + 

is invariant under q <-> q~^, has poles at only 3'"'' roots of unity, but is 
easily seen to satisfy 

W, ^iq)^Vd. 

Conjecture 3.14 implies the following two effectivity statements. The 
asterisk denotes the dependence on the conjecture. 

Lemma* 3.16. Fp^p{q) is uniquely and effectively determined by the 
coefficients of order for — oo < n < div{(3). 

Proof. We can uniquely write Fp^p as a element of 6(g) G Vq plus a 
linear combination of 



(l-(-g))2' (l-(-g)2)2' (1 _ (_g)div{/3))2 • 

The functions (3.17) are regular at g = 0. Therefore, the coefficients 
of g"' for n < uniquely determine 0(g), and the coefficients of g" for 
1 < 77, < div(/5) determine the linear combination (3.17). □ 

Lemma* 3.18. Zp{q,v) is uniquely and effectively determined by the 
invariants {Pn,i3- — C)0<n<l, V/?}. 

Proof. The argument follows the proof of Lemma 3.16. Since data is 
given for all classes (3 simultaneously, we may work by induction on the 
degree of /?. The coefficients of when /3 is primitive are dealt with 
by Lemma 3.16. For general f] we need only handle the r = 1 terms in 

g>0 r-|div(/3) 

since the others are dealt with by the induction assumption. □ 

The proof of Lemma* 3.18 shows the statement is local in the follow- 
ing sense. To determine Zp^^(g), the data {Pn,^}^^-^ is required only 
for classes (3 which are effective summands of 7. 

3.5. BPS integrality. We show the integrality constraints on the sta- 
ble pairs counts Pn^p exactly matches the BPS integrality of rig^/j. We 
do not require Conjecture 3.14 for the result. 

Theorem 3.19. The invariants Pn,f3 are integers for all n, f] 7^ if 
and only if the coefficients Ug^p are integers for all g, P 7^ 0. 
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Proof. By definition, Zp^f^ is the coefficient of 



g>-oo 77^0 fe>l 



exp 

To simplify notation, let 



n 



-ly-'rig,,, Q = -q. 



Then, Zp^p is the coefficient of 



(3.20) exp( J2 

V3>— cxD ^f^O k>l 



We have seen already in Lemma 3.9 that for all /c G Z, 
(3.21) ^Q)' = J2 <f>iQ\ <l>i^^^ 



l>-k 



with leading coefficient = 1. 

Let L be a very ample line bundle on X. We prove the Theorem 
inductively on the degree 



oip. 

Classes (3 ^ oi minimal degree are necessarily primitive. Hence, 
only terms with = j3 and k = 1 contribute to the coefficient of 
(3.20), 



g>-oo 



By the expansion (3.21), the coefficients of Zpj^ and the invariants "hg p 
are related by a triangular transformation with Is along the diagonal. 
Hence, 

{^n,/3}„g^ are integral are integral. 



For the induction step, we write Zp^p{q) with the ^ = 13 and k = 1 
term in front: 



(3.22) 5^n,,,W-^+ exp ^ 

g>—oo \ g>—oo jj^P k>l 
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where the suffix denotes taking the v^^ coefficient. The term inside the 
brackets in (3.22) is 



g>-oo 7^/3 fc>l l>l-g 

Doing the sum over k ffist, we obtain 

E E E 0f"' (- iog(i - Q'^')) ■ 

Substitution in (3.22) yields the following expression for Zpp{q): 

(3.23) %^*w)'-' + n n n T^kr 

5>-oo \3>-oo 77^/3 «>l-g^ ^ ^ 

By the argument in the base case, if all the hg^^ contributing to the 
second term are integral, then 

{Pn3~\n&. integral {^gAg^. integral. 

But all the hg^^ contributing to the second term correspond to classes 7 
of strictly lower degree than /3, so the induction hypothesis apphes. □ 

Since the stable pair invariants Pn,p are certainly integral, we con- 
clude the BPS counts defined by Ug^^ are also integral. Conversely, the 
integrality of n^^^ imposes no further conditions on -Pn,/3- 

If the vanishing of Conjecture 3.14 is assumed, we conclude the in- 
tegrality placed on Gromov-Witten theory by Conjecture 3.3 exactly 
coincides with the integrality predicted by the Gopakumar-Vafa for- 
mula(3.13). 

3.6. The Fano case. For an arbitrary 3-fold X, the virtual dimension 
of the moduli space of pairs is 

dimc[Pn(X,/5)]"^ = c^, 

where 

c^= / Ci(X). 

For a nontrivial theory, we must have > 0. In the local Calabi- 
Yau case satisfying = 0, the discussion is identical to the global 
Calabi-Yau case treated in Sections 3.2-3.5. In the local Fano case 
satisfying > 0, insertions in the theory are necessary. We explain 
here the conjectural structure of the local Fano case with primary field 
insertions. 



-"^^There exists a full descendent theory which we will treat elsewhere. 
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Let Ti, . . . ,Tm G H*{X, Z) be a basis of the cohomology^^ of X mod 
torsion. Let 

„ m ei 

denote the disconnected Gromov-Witten invariant with primary field 
insertions and no degree connected components. The primary fields 
should be viewed as simple incidence conditions. The curves are re- 
quired to intersect the Poincare duals of the insertions Tj. 
For nonzero /5 G 2 ^) , let 

+ei +em 
61 ... . Cm- 

9 e. 

The sum is over finitely many negative and infinitely many positive g. 
The second sum is over all vectors (ei, . . . , e^) of non- negative integers. 
Let 

be the full partition function. 

Alternatively, Zqw = exp Fqw is the exponential of the connected 
Gromov-Witten series, 



/3 



where 

FgwA^, ^0 = E E ^^A^^' ■ ■ ■ T^-'^Tr^^^"''"- 

To define the corresponding series via stable pairs, let 

F^XxP„(X,/5) 
denote the universal sheaf (2.9). For a pair 

the restriction of F to the fiber 

Xx [Ox^F]cXxPn{X,P) 
is canonically isomorphic to F. Let 

7rx:XxP„(X,/3)^X, 
7rp:XxP„(X,/5)^P„(X,/5) 



^^For simplicity, we assume there is no odd cohomology. There is no difficulty 
including the odd cohomology with supcrcommuting variables. 



32 R. PANDHARIPANDE AND R. P. THOMAS 

be the projections on the first and second factors. By definition, the 
operation 

TTp, (7ri(T,) ■ ch2(F) n (7r;,( ■ )) : H,{P^{X,P)) ^ H,{P^{X,P)) 

is the action of the primary field ro(rj). 

For nonzero f] G H2{X,'Ij), define the stable pairs invariant with 
primary field insertions by 

~ m 

J[P„(X,/3)]-'- .^^ 
m 



The partition function is 

Zp{q, v,ti) = 1 + Zp^fs^q, t 

where 

ZpAq, = E E P-AT^ ■ ■ ■ T--) V 

G\. . . . 6jYi- 

n e. 

Since P„(X, /3) is empty for sufficiently negative n, Zp^q.ti) is a Lau- 
rent series in q. The connected stable pair invariants are obtained 
formally via the logarithm, 

Fp(g, w, U) = ^ Fp^q, ti)v'^ = log Zp{q, v, U), 

as in the Calabi-Yau case. 

We state the rationality conjecture for Zp^p in BPS form following 
the Gromov-Witten structure explained in [44, 45]. The equation 

(3.24) FpAq,U)= %,;3(rr-..T^-)^ ' ' 



Ci . . . . Cm- 

g>~oo 



■ i-ir'{i-q)-2 + i-qr'y-'{i + qy^. 

uniquely determines the invariants ngf^{T^^...T^) G Z. The latter 
are defined to be the BPS state counts. Moreover, for fixed (3, 

for all sufficiently large g. The proofs are identical to those in the 
Calabi-Yau case. 

Conjecture 3.25. The invariants Ug^piT^^ . . . T^) vanish for g < 0. 
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Conjecture 3.25 is the stronger form of rationality obtained from the 
BPS perspective. As before, we obtain an effectivity statement as a 
consequence. 

Lemma* 3.26. Zp{q,v,ti) is uniquely and effectively determined by 
the invariants \^Pn^fs(T^^ . . •^m™)}„<i- 

Conjecture 3.27. All the partition functions coincide 

{-qy-Zp^f3{q,v,ti) = {-qY-Z'j^^p{q,v,ti) 

= {-iuyi^ZcwA^^^^'^i) 

after the change of variables —q = e*". 

The second equahty in Conjecture 3.27 is the GW/DT correspon- 
dence for primary fields in the local Fano case [43]. We refer the 
reader to [43] for the definitions of the reduced partition function 

3.7. Variants. Let G be a linearized algebraic group action on X. The 
construction of the virtual class for the moduli space of stable pairs in 
Section 2 is valid in the equivariant setting, 

[P„(X,/?)]«^-gA^^(P„(X,/?),Z). 

We may then define an equivariant theory of stable pairs and an equi- 
variant correspondence following [8] . We leave the details to the reader. 

Another standard direction is the relative theory. While relative 
Gromov-Witten theory has well-developed foundations [25, 34, 35, 36], 
relative DT theory awaits a definitive treatment. A sketch of the rela- 
tive theory for ideal sheaves (following suggestions of J. Li) is given in 
[43]. A very similar discussion holds for the theory of stable pairs. 

Let X be a nonsingular projective 3-fold, and let S* C X be a non- 
singular divisor. The moduli space Pn{X/ S, P) parameterizes stable 
relative pairs 

(3.28) Ox[k] ^ F 

on X[k], the fc-step degeneration [36] along S. F is a sheaf on X[k] 
with 

xiF) = n 

and whose support pushes down to the class 

PeH2{x, Z). 

The stability conditions for the data are more complicated in the rela- 
tive geometry: 

(i) F is pure with finite locally free resolution. 
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(ii) the higher derived functors of the restriction of F to the singular 
loci of X[k\ vanish, 

(iii) the section s has 0-dimensional cokernel supported away from 
the singular loci of X[k]. 

(iv) the pair (3.28) has only finitely many automorphisms covering 
the automorphisms of X[k]/X. 

The moduli space Pn{X/ S, P) is a complete Dehgne-Mumford stack 
equipped with a map to the Hilbert scheme of point of S via the relative 
geometry. We expect a perfect obstruction theory of virtual dimension 

Ci {X) to be induced from the deformation theory of complexes. All 
of these topics would benefit from foundational work. 

The relative theory of stable pairs should admit a degeneration for- 
mula [39] and a correspondence to relative Gromov-Witten and relative 
DT theory following [43]. 

Several other variants can be considered: families invariants for 3- 
folds, equivariant relative invariants, residue invariants in the presence 
of a torus action, and so on. We expect the stable pairs theory to be 
equivalent in all reasonable cases to the corresponding Gromov-Witten 
and DT theories. 



4. First examples 

4.1. Local P^. The simplest possible example is to consider the local 
Calabi-Yau 3-fold X given by the total space of the bundle 

Opi(-l)®2 ^P^ 

m the class [P^] of the zero section. Then, P„(X, [P^]) parameterizes 
nonzero sections, up to scale, of Opi(n — 1) supported on P^. Thus, 

Pn{X, [P^]) = Sym'^-i(P^) = P"-i 

is nonsingular. As noted earlier, in the Calabi-Yau case, the obstruction 
theory of the moduli space of stable pairs is self-dual. Hence, if the 
moduli space is nonsingular, the obstruction bundle is the cotangent 
bundle. So 

Pn,[pi] = {-ir-'xtop{F^-') = {-ir-'n, 

for n > 1, and is otherwise. Therefore 

Zp,[T^]iq) = q-2q^ + 3q^ - ...= ^ , 

in complete agreement with Zgw,[¥^ and Z^^rpii [16, 42]. 
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For curve class (3 = 2[P^], the lowest possible value of the holomor- 
phic Euler characteristic is 3. The moduli space P3(X, 2[P^]) is a copy 
of corresponding to the choice of a sub-bundle 

opi(-i)cop.(-ir- 

The associated stable pair is the structure sheaf of the curve obtained 
by doubling along the sub-bundle with the canonical section. So the 
potential starts as 

^p,2[pi](g) = -2g^ + . . . . 
The next moduli space P^i^X, 2[P^]) is more interesting. Most stable 
pairs correspond to a choice of sub-bundle 

opi(-2)cop.(-ir- 

We then take the structure sheaf of the doubling of the zero section 
along the sub-bundle with the canonical section. We obtain an open 
set in P(i7°(Cpi(l))®2) ^ P^ consisting of pairs of sections of Cpi(l) 
which are not proportional to each other. Along the quadric where the 
sections become proportional, we find instead an 1) sub-bundle 

along which we again double the zero section. We then take the ideal 
sheaf of a reduced point p G P^ and twist by O^i (1). The resulting sheaf 
F satisfies x{F) = 4 and has a unique section (up to automorphisms 
of the sheaf). We find a P^ x P^ of pairs which glues into P^ as the 
quadric. 

However, if the moduli space were really P^, then the invariant would 
be —4, and we would have 

^p,2[pi](g) = -2g3-4g^ + ... 
in disagreement with the predictions 

ZgW,2[¥^]{q) = ^DT,2[P1](?) = "2^^ + 4g^ + . . . 

of [16, 42]. In fact the moduli space has a thickening along the quadric 

P^ X P^ C P^ 

corresponding to the first order movement of the point p in the direction 
of the (9pi(— 1) sub-bundle. A computation shows there are no more 
deformations: the moduli space P^iX, 2[P^]) has Zariski tangent spaces 
of dimension 4 along the quadric (and 3 over the rest of P'^). 

The natural (C*)'^ acting on (9pi(— 1)®^ fixing the Calabi-Yau form 
acts on P4:{X, 2[P^]) with 4 isolated fixed points, all lying on the quadric. 
In the virtual localisation formula of [17], the fixed points each count 
as (—1)^, where 4 is the dimension of the corresponding Zariski tangent 
space. Thus, the extra thickened dimension along the quadric indeed 
makes the invariant 4 instead of —4. 
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4.2. Contribution of an isolated curve. Let X be a 3-fold, and let 

C dX 

be a nonsingular embedded curve of genus g which represents an in- 
finitesimally isolated solution of the incidence^^ conditions ]^ • T/' . The 
curve C has a well-defined contribution to the Gromov-Witten poten- 
tial Zgw,{c] by [44], 

/sinrn/2U^^~^+^c;^iW 
(4-1) ZO^,,,[u) = (^^) 

We will calculate the contribution of C to the stable pairs theory to be 

(4.2) Z^,[^](g) = g^-ni + g)2^-2+/o^iW, 

in agreement with our conjectures in the Calabi-Yau and Fano cases. 

Since all pure rank 1 sheaves on C are locally free, the stable pairs 
with support on C are of the form 

{F,s) = {Oc{D),sd), 

where D C C is a divisor and is the canonical section of Oc{D). 
The cokernel oi sd is Od{D). Thus, the moduli space 

(4.3) P?-,UX. [C]) C Pi_,+.(X, [C]) 

of stable pairs cut by the incidence conditions is simply the space 
Sym'^(C) of degree d divisors on C. The infinitesimal isolation of C 
imphes the inclusion (4.3) is both open and closed. 

To calculate the contribution of C, we must identify the obstruction 
bundle 

Obs Sym'^(C) 
determined by the deformation theory of the complex 

/• = {Ox - Oc{D)}. 

In the Calabi-Yau case, 

Obs = T*y^d(c) 
by the self-duality of the obstruction theory. Then, 



^^In the Calabi-Yau case, no incidence conditions are required. 
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where the second equahty is via elementary topology. The verification 
of (4.2) in the Calabi-Yau case is complete. The stable pairs calcula- 
tion provides a simple geometric interpretation of the Hodge integrals 
entering in (4.1). 

The obstruction bundle in the Fano case is determined in the next 
result. 

Proposition 4.4. The obstruction space Ext^(/*,J*)o sits inside a 
canonical exact sequence 

where is the normal bundle to C <Z X and Kx is the canonical 
bundle on X . 

Proof. Applying Hom( • , /*) to the exact triangle /* Ox F yields 
the exact sequence 

(4.5) Ext2(F, /•) ^ Ext2(Cx, /*) ^ Ext2(/*, /*) ^ 

Ext=^(F, /•) ^ Ext3(Ox,/*) ^ Ext3(/*,/-). 

The exact sequence obtained by applying Hom(Cx, ■ ) to the same 
triangle and the vanishing H'^{F) = H^{F) = together yield 

Ext%Ox,n = Ext'iOx^Ox) = H\Ox). 

The last map in (4.5) is the identity H^{Ox) Ext^(/*,/*) and an 
injection since the composition 

H^iOx) ^ Ex^ir,!') ^ H\Ox) 

is multiplication by rank (J*) = 1. Thus, we may replace (4.5) by the 
exact sequence 

(4.6) Ext2(F, /•) Ext^(C»x, /*) ^ Exi^{I\ I') Ext^(F, J*) ^ 0, 
fitting into the diagram 



\ 

Exi\F, F) H\F) Ext'(/*, /•)o 

III 
Ext2(F, /•) ^ Ext^{Ox, I') Ext2(/-, /•) — Ext^(F, /*) ^ 

H\Ox)^—H\Ox) 

I I 


The first two vertical sequences are obtained from the exact triangle 
/* Ox — F and the third is obtained from the trace map. The 
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diagram commutes because the lower square does. The commutation 
for the lower square holds since Ext'^^Ox, I') = H'^i'^c) and the map 
to Hom(J*, J*) induced by the canonical maps — > /* — ^ Ox takes 

/ e to / ■ id. 

The first horizontal map in the above diagram, restricted to 

H^{Oc) = H\j^om{F,F)) C Ext^(F,F), 

is multiplication by the section s: H^{Oc) — > H^{F) which is onto 
because H^{Q) = since Q is supported in dimension 0. Therefore the 
diagram gives 

Ext2(/*,/-)o = Ext2(F,/*). 
The latter is Serre dual to Hom(J*, F ® Kx)- The exact sequence 

(4.7) c^xt-\r, F®Kx)^ Kx\c ^F®Kx 

jeom{r, F®Kx)^ <gxt\F, F ® Kx) ^ 0. 

is obtained by applying Jfbm( ■ , F ® Kx) to /* Ox — ^ F. Since s 
is injective, (S'xt^{I', F ® Kx) = for i < and 

(4.8) Hom(/*, F ® Kx) = H\j^om{r, F ® Kx)). 
Then, by (4.7), 

^ OoiD) ®Kx-^ M'omir, F Kx) ^ i^c ^ Kx ^ 0. 
Taking we have, by (4.8), 

^ H%Od{D) ® Kx) ^ Hom(J-, F®Kx)^ H^u^ ® Kc) ^ 0. 
Dualizing gives the required result. □ 

Since C is assumed to be infinitesimally isolated, the obstruction 
space H^{vc) vanishes. Therefore, 

Ohsyo]= H\Od{-D)®K*^) 

for [D] e Sym'^(C). 

Let Z C Sym'^(C) x C be the universal divisor, and let Oz{—Z) be 
its conormal bundle. Let 

TTd- Z ^ Sym"'(C), TTc-. Z 

be the projections. The first projection nd is a (i-fold cover. 

Let L be a line bundle on C of degree /. A rank d vector bundle 
on Sym^(C) is obtained tautologically by 

Ld = Trd*{Oz{-Z)®7v*cL), 
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The identity 

... (2g-2 + l\ {2g-2 + l)...{2g-2 + l-d) 

Cd\^d) - 

Sym'*(C) 



d d\ 



where we use the formula on the right ii2g — 2+l < 0, is easily obtained 
via intersection theory on the d\-io\d cover 

e-.C^ ^ Sym'^(C). 

The Chern roots of €*{Lct) are 

d / d \ 

\{[<{c,{Kc) + c,{L)) - A., , 
i=i \ j=j+i / 

where 

is the i^^ projection and Aj,- is the codimension 1 diagonal. The leading 



term 



(2^ - 2 + 
d\ 



d . ^ d 



I \{<HKc)+c,{L)) 
dl Jc^ fj^ 



is obtained from the leading terms of the Chern roots, and the lower 
order terms are obtained from the diagonals. 

In our case, Obs = Ld where L = Kx has degree / = /^ci(X). The 
stable pairs invariant is 

pC r^n i2g-2 + l)...{2g-2 + l-d) 



Therefore 

7 ^ i2g-2 + l)...{2g-2 + l-d) 



d>0 

= + g)29-2+/cCi(X)^ 

in perfect agreement with (4.2). 

Finally, we see here that the stable pairs invariant is truly local with 
respect to C. As in the Gromov-Witten case, the local calculation 
(4.2) is valid in any ambient geometry in which C is infinitesimally 
isolated. The DT invariant always probes the whole manifold because 
of the wandering points. To extract simple local curve results valid in 
ambient geometries for DT theory is technically very difficult [5] . 
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5. The vertex 



5.1. Overview. The study of 3-fold theories of nonsingular toric va- 
rieties naturally leads to the notion of a vertex. The vertex takes 
its simplest form when restricted to the toric Calabi-Yau case.^'' In 
Gromov-Witten theory, the Calabi-Yau vertex is an evaluation of spe- 
cial Hodge integrals [2]. The DT vertex, calculated in [42, 43], is related 
to normalized box counting. A full development of the stable pairs ver- 
tex will be presented in [46]. We give a short summary of the results 
and conjectures in the Calabi-Yau case here. 

5.2. DT vertex. Let C'^ have coordinates Xi,X2,X3. Let the torus 

T = (C*)^ 

acting diagonally on C^. Let C C C"^ be a T-fixed subscheme of di- 
mension at most 1. The subscheme C is defined by a monomial ideal 



The latter may be visualized as a 3-dimensional partition it. The lo- 
calisations 

{'^c)xi C C[a;i,X2,X3]^i, 

{J^c)x2 C C[xi,X2,X3]^2, 
{J^c)xs C C[xi,X2,X3]2;3, 

are all T-fixed, and each corresponds to a 2-dimensional partition /i*. 
Alternatively, the 2-dimensional partitions /i* can be defined as the 
infinite limits of the Xj-constant cross-sections of vr. If all the /i* are 
empty, then C must be 0-dimensional. 

Given a triple = {jj} , ji^ , jj?) of outgoing partitions, there exists a 
unique minimal T-fixed subscheme 



with outgoing partitions u*. If the are not all empty, then is 
easily seen to be a Cohen-Macaulay curve. 

Let 5*-^ be the set of T-fixed subschemes C C C'^ with outgoing par- 
titions u*. Since the T-fixed subschemes are isolated, is a discrete 
set. Each [C] G contains the minimal subscheme as a quotient 




i3 



Oc 




0. 



17, 



Only non-compact geometries can be both toric and Calabi-Yau. 
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The minimal subscheme is the unique Cohen-Macaulay element of S-^j. 

Let I I denote the renormalized volume^^ of the partition vr correspond- 
ing to J^c^. For [C] G S^, define the length by 

i{C) = dimci^c^/J^c) < oo. 

Consider the series 

Since there are only finitely many elements of given length, ZS'^{q) is 
well-defined. 

The series Z^^^lq) is the well-known MacMahon function enumer- 
ating finite 3-dimensional partitions, 



ryDT 

^1 



The normalized vertex [42, 43] governing the DT theory in the toric 
Calabi-Yau case is 

The DT vertex can be viewed a normalized count of 3-dimensional 
partitions. 

5.3. Stable pairs vertex. Given a T-fixed stable pair on C'^, 

Ocs ^ F, 

the scheme theoretic support must be of the form 

c C\ 

Moreover, the quotient Q must be supported at the origin. 

We will use the characterization of Proposition 1.8 to study T-fixed 
stable pairs with support C-^. Let 



mcO. 



C- 



^^The renormalized volume |7r| is defined by 

3 

IttI =#{7rn[0,...,7V]3} -(7V + 1)^|^^|, iV»0. 

1 

The renormalized volume is independent of the cut-off TV as long as N is sufficiently 
large. The number |7r| so defined may be negative. 
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be the ideal sheaf of the orisrin in C^. Let 

to M 

Ml = C[Xi,X2,X3]^,/j^^i, 
M2 = C[Xi,X2,X3]^jyf,2, 
M3 = C[Xi,X2,X3]^3/j^^3, 

be the quotients by the T-fixed ideals J^^i determined by the respective 
outgoing partitions, and let 

be viewed as a C[a;i, 0:2, Xsj-module. There is a canonical homomor- 
phism 

given by 

1^(1,1,1). 

The limit in Proposition 1.8 has a simple description, 

\im jrom{m',Oc^)/Oc^ =M-^/Oc^ 

as a C[xi, X2, xsj-module. 

By Proposition 1.8, T-fixed stable pairs on correspond to T-fixed 
C[xi, X2, xsj-submodules Q C M^/Oc^ of finite length 

i{Q)= dimciQ). 

Unlike the DT case, such T-fixed submodules need not be isolated. 
However, the geometry of the moduli of T-fixed submodules modules 
of M-^/Oc-, is elementary: the components are simply products^^ of 

Let the set index the components Q of the moduli space of T- 

fixed submodules of I Ocu ■ The components are easily indexed by 

a box counting strategy explained in [46]. The stable pairs vertex is 
conjectured^^ in [46] to be the series 

W^(g) = (-g)l^l Yl Xto,m-<lY^^^- 

[Q]eS^ 



The 0^ product is a point. In fact, the T-fixed modules are isolated if at least 
one of the /x' is empty. Indeed, the proof Conjecture 5.1 in the 1 and 2-leg case is 
not difficult [46] . Non-trivial moduli of T-fixed submodules appear only in the full 
3-leg case. 

^'^Proofs are given in the 1 and 2-leg cases. 
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The topological Euler characteristic above is always a power of 2. Since 
the length is constant in components, i{Q) is well-defined. Again, there 
are only finitely many components of given length. 

We conjecture a correspondence between the DT and stable pairs 
vertices. 

Conjecture 5.1. \N^.l.,^M = Kw^^^ 

Independent of the geometric and string theoretic framework. Con- 
jecture 5.1 is a striking statement about the algebro-combinatorics of 

C[xi,X2,X3]. 

5.4. Example. The simplest 3-leg example occurs when 

f/ = fi^ = fi^ = (1). 

The Cohen- Macaulay curve C(i) (i) (i) is the union of the 3 coordinate 
axes. From the definitions, we find 

2^ ^(i).(i),(i) _ C[xi, xf^] ® C[x2, x^^] ® C[a;3, x^^] 

(1,1,1) ■C[x^,X2,Xs] 

To compute the stable pairs vertex, we must study the T-fixed sub- 
modules of (5.2). Of course, is the unique submodule of length 0. 
The first interesting case is length 1. Then, 

(71,72,73) e C=^\( (1,1,1) ) 

determines a T-fixed submodule of length 1 of (5.2). So the mod- 
uli space for length 1 is isomorphic to P^. For length 2, the T-fixed 
submodules are 

((xr\0,0)), {{0,x^\0)), ( (0,0,X3-i) ), 

( (1,0,0), (0,1,0), (0,0,1) ) 

all of which are isolated points. In general, the T-fixed submodules 
are elementary to enumerate since the generators must be vectors of 
monomials. We find 

Wfi),(i),(,)(g) = l + 2(-g) + g((2)+^)(~^^'^ 

1-q^ 
(l-g)(l + g)3 
= 1 - 2g + V - + . . . 

Indeed, the vertex \N^{q) is always a rational function. 
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The DT vertex W^^j.^^^ ^-^-^ counts boxes added to the Cohen-Macaulay 
curve C(i), (1)^(1). We find 

(_g)2 . Wf?j;(i)_(,)(g) = 1 - 3g + 9g2 - 22q^ + .... 

Since the MacMahon function is 



+ . . . 



3,0(g) = l-g + 3g- 
Conjecture 5.1 is verified to order 3 by 

1 - 3g + 9g2 



1 - 2g + V - 6g'' + . . . 



1 — g + 3g^ — 6g'^ + . . . 

In fact, the exact equahty of Conjecture 5.1 is not hard to obtain by 
box counting for the example ((1), (1), (1)). 



[1 
[2 
[3 

[4; 

[5 
[6 

[7; 

[8 
[9 

[lo; 
[11 

[12 
[13 
[14 
[15 
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